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PROPAGATION OF WEAK SHOCK WAVES IN A MAGNETIC FIELD 
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This paper gives a solution of the problem of the propagation of weak 
shock waves in an inhomogeneous conducting medium in the presence 
of a magnetic field, The width of the perturbed region is taken to be 
smal! compared with the characteristic dimensions of the problem. 
The magnetic Reynolds number is also assumed small, which allows 
one to neglect the induced magnetic field, The method of solution 
employed is similar to that used in [1-3]. 

~i1. We sha l l  c o n s i d e r  a m e d i u m  with i s o t r o p i c  
conduc t iv i ty .  The magne t i c  Reynolds  n u m b e r  is a s -  
s u m e d  s m a l l  (R m << 1), and we neg lec t  the induced 
m a g n e t i c  f i e ld  which a r i s e s  when a conduct ing m e d i -  
um moves  in an e x t e r n a l  magne t i c  f ie ld .  The v i s cos i t y  
and t h e r m a l  conduc t iv i ty  a r e  a l so  neg lec t ed .  With 
these  a s s u m p t i o n s  the s y s t e m  of equat ions  of m a g n e t o -  
g a s d y n a m i c s  has  the fo rm 

Op 0 O~i . Ov i Op 

cop Op / 3 0 3p i 2 

c X j, j = % - - v x H ,  Tp=a~'p. (1.1) 

He re  vi, P, P, a a r e  the ve loc i t y ,  dens i t y ,  p r e s -  

su re ,  and ve loc i ty  of sound, r e s p e c t i v e l y ;  t is  t i m e ;  
x i a r e  C a r t e s i a n  c o o r d i n a t e s ;  the ind ices  i, k take 
the values  1, 2, 3; H is the magne t i c  f i e ld ;  j is  the 
c u r r e n t  dens i ty ,  (r is the conduc t iv i ty  of the med ium,  
and c is  the ve loc i ty  of l ight .  

Let  qa(t, xi)  = cons t  be the c h a r a c t e r i s t i c  s u r f a c e s  
of the s y s t e m  (1.1). 

The equat ion for  r  xi)  wi l l  have the fo rm 

( W + ~ k  " aq~ + v ~ - ~ x ~ ]  - - a ~ \ a 2 ~ /  J 0 ~~  / - -  ' (1 .2)  

f r o m  which i t  i s  c l e a r  tha t  the  equat ion  

Oq~ 0~ F/ 0q) \~7'1' . 
o, J = ~  ( 1 . 3 )  

def ines  two f a m i l i e s  of c h a r a c t e r i s t i c s  C+ and C_, 
and the equat ion  

Ot + v ~ - - = 0  (1 .4)  

the f a m i l y  of c h a r a c t e r i s t i c s  C O . 
Fo l lowing  [1], we in t roduce  the s u r f a c e s  N~ N_ 

and S mov ing  in s p a c e  (xi) , i n s t ead  of the c h a r a c t e r -  
i s t i c  s u r f a c e s  C+, C_ and Co, which a r e  s t a t i o n a r y  
in s p a c e  (t, x i ) .  A c c o r d i n g  to (1.3) the ve loc i ty  of 
p r o p a g a t i o n  of the s u r f a c e s  N+ and N_ is equal  to 
v i �9 an i ,  w h e r e  ni is  the  n o r m a l  to the a p p r o p r i a t e  

s u r f a c e  N+ o r  N :  

The s u r f a c e s  S, c o r r e s p o n d i n g  to the c h a r a c t e r i s t i c  
s u r f a c e s  Co, a r e  f luid s u r f a c e s  moving  toge the r  with 
the p a r t i c l e s  of the m e d i u m .  

Reducing  the s y s t e m  (1.1) to c h a r a c t e r i s t i c  fo rm,  
we obtain 

(vk ::J: ank) ('~xk ) "4" pa (nivk :J:: a~ik) (-~x~ ) = 

f 
~ :~ ankFk + ('f,'-- l ) '~ - i ,  ( ] . 5 )  

/0,~ / @ 
+ . ,  

Here  the o p e r a t o r  

( O ) O 0q~10~ a (1.7) 
= 0z k Oq) / o ~ at 

denotes  the  d e r i v a t i v e  a long the c h a r a c t e r i s t i c  s u r -  
face  ; the uppe r  s ign  in (1.5) c o r r e s p o n d s  to the C+ 
c h a r a c t e r i s t i c s ,  and the l ower  to those  of C_ ; the 
vec to r  s i in (1.6) s a t i s f i e s  the condi t ion s i  a r  i = 
ffi 0. Equat ions  (1.6) and (1.7) c o r r e s p o n d  to the c h a r -  
a c t e r i s t i c s  of Co. 

w Using  the c h a r a c t e r i s t i c  s y s t e m  (1.5)-(1.7) ,  
ob ta ined  above,  we sha l l  c o n s i d e r  the p ropaga t i on  of 
weak shock  waves  in a m e d i u m  for  which the p r e s s u r e  
P0, the de ns i t y  P0, ve loc i ty  Ui, m a g n e t i c  f ie ld  Hi and 
ve loc i ty  of sound a0 a r e  given as  funct ions of the co -  
o r d i n a t e s  (but a r e  independent  of t ime) .  We sha l l  con-  
s i d e r  the p e r t u r b e d  quan t i t i e s  

A = p - - p o ,  (3= p - -  po, u r  v i -  U i 

to be s m a l l  c o m p a r e d  with Po, P0 and a 0 r e s p e c t i v e l y .  
We sha l l  take  the width of the p e r t u r b e d  r eg ion  h to 
be s m a l l  c o m p a r e d  with the r a d i u s  of c u r v a t u r e  of the 
shock  f ront  R and the c h a r a c t e r i s t i c  length L within 
which the m e d i u m  and m a g n e t i c  f i e ld  change s u b s t a n -  
t i a l l y .  In addi t ion,  we sha l l  a s s u m e  that  A, 5 and ui 
change by an amount  of the o r d e r  of t h e m s e l v e s  ove r  
d i s t a n c e s  of the o r d e r  of R, L in d i r e c t i o n s  t angen t i a l  
to the f ron t .  By hypo thes i s  the m a g n e t i c  Reynolds  
n u m b e r  R m << 1, and we have 

since k and a0 are the characteristic dimension and 
velocity in the problem under consideration. 

Set t ing  A, 8 and u i in the c h a r a c t e r i s t i c  equat ions  

c o r r e s p o n d i n g  to the Co and C_ c h a r a c t e r i s t i c s ,  and 
i n t e g r a t i n g  them a long  t r a j e c t o r i e s  of e l e m e n t s  of 
the s u r f a c e s  S and N_, r e s p e c t i v e l y ,  we find, as  in 
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[ 2 ] ,  that the following re la t ions  a re  obeyed in the p e r -  
turbed region (quantit ies of the order  of A 2, X/x/R, kA/  
/L,  R m compared  with /x a re  neglected): 

,~ . . . . .  i. h = ao~6, 5 = poao u (u  = f - h - ~ ) .  ( 2 . 1 )  

Under the a s sumpt ions  made above, the re la t ions  
(2.1) coincide with the re la t ions  at the shock front [4], 
if t e rms  of the o rder  of/x2, R, X/x/[~, X/x/L, Rln/x 
a re  neglected in the la t te r  re la t ions ,  and consequently,  
to the degree of accu racy  indicated, the shock front 
does not influence the flow behind it. Relat ions (2.1) 
coincide with those obtained in [2], i . e . ,  the i n t e r -  
action of the conducting medium and magnet ic  field 
does not affect the re la t ions  between the p a r a m e t e r s  
of the medium in the per turbed  region (under the r e -  
s t r i c t i ons  which have been imposed).  

Setting A, 5 and u i in Eq. (1.5), cor responding  to 
the C+ c h a r a c t e r i s t i c s ,  and taking (2.1) into account ,  
we obtain 

dA A dp~a F On k c~U~. OU{ , ', . . . . . . . . . .  " + 
- d t  p o a o  d t  ' ~( 

j - - ~  e~ a l ! 2f~o7i~- ~z (n - l t l  • [U x HI]) -~- po~- (n.[H • [n x H]]) = 
(2.2) 

a A ~-'i ) + [ a08 n ~ apo 

D U  t ( y - - i )  " ] ~  

] ~q(hnk--P~176 ax~ CZpoao ~(n'[HX[uXH]])+(Z--i)"~ - ,  

d 
dt := (v~ ~ a0n~) ~ . (2.3) 

Here the opera to r  (2.3) denotes the der iva t ive  along 
the r a y - - t r a j e c t o r y  of motion of the e l emen t  of s u r -  
face N+. In tegra t ing  this equation along the ray  and 
neglec t ing  sma l l  t e r m s  of o rde r / x  2, X/x/R, X/X/L, 
Rm/x compared  with/x,  we obtain 

VpTa7 
A-- L ' 

o 

~ 1) 23 (T -- l) ([nxRl.[UxtI1)+ ~--~([nXItl)~ dt . (2.4) 

The quantity a (on a given ray) depends on the num- 
ber of the surface N+. The ray equations are obtained 
from (1.3) and have the form 

d x  i d n  i I Oao O U j  \ ~t -u~+~0~, - ~ - = ( ~ - ~ ) / ~ 7 ~  +~a-~-~)" (2.5) 

Repeat ing the p rocedure  c a r r i e d  out in [2], we ob- 
tain the equation for  de t e rmin ing  the change of c~ at 
the shock front along the ray:  

l eL0 

I d, a2 (ao + Ukn k) Y-poao L "~ + i ~I" (~) d ~ ,  ( 2 . 6 )  
0 c( 

where f(c  0 is an a r b i t r a r y  function de t e rmined  by the 
p r e s s u r e  d i s t r ibu t ion  in the wave given for the t ime 
t = 0, c%is the value at the shock front  for t = 0. 

The p r e s s u r e  at the front of a shock wave with a 
l inear  profile behind the front var ies  in vir tue of (2.4), 
(2.6), according  to the law 

h 'i X L t~ 2 s 
t 

d t  \ -'/, 

ii (,~ { I/kn~) !/'9oa~L } (2.7) 

Here a00, U0k and n0k are the values of a 0, U0k and 
n k at the front at the time t = 0; l 0 is the width of the 
region A > 0 for t = 0. 

The form of expression (2.6) is the same as that 
obtained in [2], but the presence of additional magnetic 
terms in the exponent of (2.3) alters the picture of 

shock wave damping radically. 
In the case of a homogeneous stationary medium and 

uniform magnetic field in a direction parallel to the 
shock front, we have from (2.6) for a one-dimensional 

plane shock wave and cylindrical shock Wave, respec- 

tively, 

- -  ~ "<+ lao - _  , (2.8) 

_ _  - B t  �9 

z i t[~ _1,z 

(2.9) 

w 
, : _  2 . C  ) ' " '  

Here r 0 is the posi t ion of the front  for t = 0. The 
one -d imens iona l  spher ica l  case does not exist  for a 
un i form magnet ic  field, s ince  the magnet ic  field does 
not exer t  any influence on the damping of shock waves 
along rays  pa ra l l e l  to the magnet ic  field ( i . e . ,  when 
the magnet ic  field is pe rpend icu la r  to the shock front) .  

F o r  the r e su l t s  set out above to be valid the con-  
dit ion 

R, / ~ X = ~ o  a o + U ~ a ~  I~ 
" aoo "+ Uokno~ 

t 

• f I ,~ L_:: ~ :',' (""> __l Uo~,,,o~) ~ _'~ )"i'(~' :10) 
, z xo o~ (.o + ukn~) Vp-f~L " 

must be fulfilled, where the integral must be taken 

along the path of the front .  

Moreover ,  for the condit ion R m << 1 to be fulfilled, 
the condition 

C2 �84 

z << 4~Lao 

must oe fulfilled. 
For H--0 or r  the expressions (2.7), (2.8), (2.9) 

pass into the corresponding formulas of gasdynamics. 
The author is grateful to B. I. Zaslavskii for use- 

ful advice and for discussing the paper. 
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